TIMELIKE SURFACES OF CONSTANT MEAN CURVATURE 
±1 IN ANTI-DE SITTER 3- SPACE Hf(-l) 
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Abstract. It is shown that timelike surfaces of constant mean curva- 
ture ±1 in anti-de Sitter 3-space Hf(— 1) can be constructed from a 
pair of Lorentz holomorphic and Lorentz antiholomorphic null curves in 
PSL2M via Bryant type representation formulae. These Bryant type rep- 
resentation formulae are used to investigate an explicit one-to-one cor- 
respondence, the so-called Lawson-Guichard correspondence, between 
timelike surfaces of constant mean curvature ±1 in Hf (— 1) and time- 
like minimal surfaces in Minkowski 3-space Ef. The hyperbolic Gaufi 
map of timelike surfaces in Hj(— 1), which is a close analogue of the 
classical Gaufi map is considered. It is discussed that the hyperbolic 
Gaufi map plays an important role in the study of timelike surfaces of 
constant mean curvature ±1 in HrJ(— 1). In particular, the relationship 
between the Lorentz holomorphicity of the hyperbolic Gaufi map and 
timelike surface of constant mean curvature ±1 in Hf (— 1) is studied. 



1. Introduction 

It is known that surfaces of constant mean curvature ±1 surfaces in hy- 
perbolic 3-space H 3 (— 1) can be constructed from holomorphic null curves in 
PSL2C = SL2C/{±id} (@], while minimal surfaces in Euclidean 3-space 

E 3 can be constructed from holomorphic null curves in C 3 via well-known 
WeierstraB-Enneper representation formula. It is also known that spacelike 
surfaces of constant mean curvature ±1 in de-Sitter 3-space S 3 (l) can be con- 
structed from holomorphic null curves in PSL 2 C (E], PS]), while spacelike 
maximal surfaces in Minkowski 3-spacc Ef can be constructed from holomor- 
phic null curves in C 3 via an analogue of WeierstraB-Enneper representation 
formula (\l<i\- |14| L These are all related by the Lawson-Guichard correspon- 
dence between minimal surfaces in E 3 and surfaces of constant mean curvature 
±1 in H 3 (— 1) (23) an d the one between spacelike maximal surfaces in E 3 
and spacelike surfaces of constant mean curvature ±1 (|2I])- Note that the 
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correspondents (they are usually called the cousins) in different space forms 
satisfy the same Gaufi and Mainardi-Codazzi equations. 

It is interesting to see that there exists a Lawson-Guichard correspondence 
between timelike minimal surfaces in E 3 and timelike surfaces of constant 
mean curvature ±1 in anti-de Sitter 3-space Hf (— 1). See sections and 1 141 
(appendix I) for details. In 13 , J. Inoguchi and M. Toda show that timelike 
minimal surfaces can be constructed from a pair of Lorentz holomorphic and 
Lorentz antiholomorphic null curves in R 3 via normalized Weierstrafi formula 
(|59[l . Hence, one might expect a similar construction of timelikc surfaces of 
constant mean curvature ±1 in H 3 (— 1) in terms of Lorentz holomorphic and 
Lorentz antiholomorphic null curves. In this paper, we prove that a pair of 
Lorentz holomorphic and Lorentz antiholomorphic null curves in PSL2R gives 
rise to a timelike surface of constant mean curvature ±1 in H 3 (— 1). Further- 
more, every timelike surface of constant mean curvature ±1 in H 3 (— 1) can be 
constructed from a pair of Lorentz holomorphic and Lorentz antiholomorphic 
null curves in PSL 2 IR. 

An analogue of the hyperbolic Gaufi map 1 can be defined for timelike sur- 
faces of constant mean curvature in H 3 (— 1) and plays an important role in 
studying timelike surfaces of constant mean curvature ±1 in Hj(-l). It is 
shown in section H*3*l that 

(1) The hyperbolic Gaufi map of a Lorentz surface ip : M — > H 3 (— 1) is 
Lorentz holomorphic if and only if ip satisfies H — 1 and Q = 0. 

(2) The hyperbolic Gaufi map of a Lorentz surface <p : M — ► H 3 (— 1) is 
Lorentz antiholomorphic if and only if ip satisfies H = 1 and R = 0. 

Here, Q and R are coefficients of quadratic differentials, the so-called Hopf 
pairs. They are defined in the following section. 

In and |22| . K. Akutagawa and J. Ramanathan proved independently 
that 

Theorem: Let M be a complete spacelike surface in de Sitter 3-space §f (1) 
with constant mean curvature H = ±1. Then M is a totally umbilic flat 
surface. Moreover, M is a parabolic type surface of revolution. 
This theorem tells us that de Sitter 3-space Sf(l) admits horosphere type 
spacelike surfaces. It is also interesting to see that anti-de Sitter 3-space 
H 3 (— 1) admits horosphere type timelike surfaces. See section ITUl for details. 

2. Timelike Surfaces in Anti-de Sitter 3-Space Hf (— 1) 

Let E2 be the semi-Euclidean 4-space with natural coordinates 
(xo, X\, X2, X3) and the semi-Riemannian metric (•, •) of signature (— , — , +, +) 
given by the quadratic form — (dxo) 2 — (dxi) 2 + (dx 2 ) 2 + (dx^) 2 . 



^The hyperbolic GauB map was introduced by C. Epstein in |7| and used by R. .L. Bryant 
to study cmc 1 surfaces in H 3 (— 1) of surfaces in hyperbolic 3-space H 3 (-l) in g|. 
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The anti-de Sitter (abbreviated: AdS) 3-space Hf (— 1) is a Lorentzian 3- 
manifold of sectional curvature —1 that can be realized as the hyperquadric 
in E|: 

H?(-l) := {(x , Xl ,x 2 ,x 3 ) e Et : -(x ) 2 - ( Xl ) 2 + {x 2 f + {x 3 ) 2 = -1}. 

Let M be a connected orientable 2-manifold and ip : M — > Hf(— 1) an 
immersion. The immersion ip is said to be timelike if the induced metric / on 
M is Lorentzian. The induced Lorentzian metric / determines a Lorentzian 
conformal structure Ci on M . 

Let (x,y) be a Lorentz isothermal coordinate system with respect to the 
conformal structure C/. Then the first fundamental form 

/ = (dip, dip) 

is given by the matrix / ~ e u ^ ^ . The first fundamental form is also 

written in terms of (x, y) as I = e u { — (dx) 2 + (dy) 2 }. Let u := x + y and 
v := —x + y. Then (u, v) defines a null coordinate system with respect to the 
conformal structure C/. The first fundamental form / is written in terms of 
(u, v) as 

/ = e^dudv. 

In terms of null coordinates u and v, the differential operators -J^ and are 
computed to be 

d_ _ 1 
du~ ~ 2 

The conformality condition is equivalent to 

{<pu, Vu) = {<pv,<Pv) = 0, (ip u , ip v ) = ^e". 

Let N be a unit normal vector field of M. Then 

(N, N) = 1, (ip, N) = (ip u ,N) = (<p v ,N) = 0. 

The mean curvature H is given by H = 2e~ UJ < ip uv ,N >. Let Q :=< 
<Puu,N > and R :—< ip vv ,N >. Then the quadratic differentials Q" := 
Qdu <g> du and i?" := ® c?w are called Hopf pairs 2 of M. The quadratic 
differential 

Q := grfu 2 + i?dw 2 = Q" + i?» 

is called Hopf differential 3 . This differential is globally defined on the Lorentz 
surface (M, Cj). The second fundamental form // of M derived from N is 
defined by 

H := -{dip,dN) 
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2 In 1111 . 1131 . the quadratic differentials QJ and flj are defined as Hopf differentials. 
^The definition of Hopf differential Q was suggested to the author by J. Inoguchi 1121 . 
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and it is given by the matrix 

'Q + R- He" Q-R 



II = 



-R Q + R + He u 



with respect to Lorentz isothermal coordinate system (x,y). The second fun- 
damental form is related to Hopf differential Q by 

(1) II = Q + HI. 

The shape operator S of M derived from N is S := —dN. The shape operator 
S is related to II by 

II{X,Y) = (SX,Y) 

for all vector fields X, Y on M . The shape operator S is also represented by 
the matrix II ■ I . The mean curvature H of M is 

and the Gaufiian curvature K of M is 

K := -l + dct<S = -l + dct(/J 
The eigenvalues of S, i.e., the solutions to the characteristic equation 

det(<S - XL) = 0, 1 = identity of TM 

are called the principal curvatures. Since the metric / is indefinite, both 
principal curvatures may be nonreal complex numbers. The mean curvature 
H is the mean of the two principal curvatures and the Gaufiian curvature K 
is the product of the two principal curvatures minus one. 

A point p £ M is said to be an umbilic point if II is proportional to I 
at p. Equivalently, p is an umbilic point if and only if the two principal 
curvatures at p are the same real number and the corresponding eigenspace 
is 2-dimensional. A timelike surface is said to be a totally umbilic if all the 
points are umbilical. The formula Q implies that p G M is an umbilic point 
if and only if Q(p) = 0, i.e., p £ M is a common zero of Hopf pairs Q and R. 

The Gaufi equation which describes a relationship between K, H, Q and 
R takes the following form: 

(2) H 2 - K - 1 = 4e~ 2uJ QR. 

Note that the condition QR = does not imply the condition Q = R = 
(See [H]). 

Let M be a simply-connected open and orientable 2-manifold and if : 
M — > Hf(— 1) a timclikc conformal immersion with unit normal vector field 
N. Then we can define an orthonormal frame field T along (p by 

(3) T= {ip,e-%y x ,e-%y y ,N) : M — > 0++(2,2), 



*This can be easily computed from the GauB equation 1661 
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where ++ (2, 2) denotes the identity component of the Lorentz group 

0(2, 2) = {A E GL 4 M :< Au, Av >=< u, v >, u, v 6 E^}. 
In terms of null coordinates (u, v), J- is defined by 

(4) T = (fp, e~* { Vu - <p v ), e~* (<p u + <p v ),N) : M — » 0++(2, 2). 

The semi-Euclidean 4-space E2 is identified with the linear space M2R of all 
2x2 real matrices via the correspondence 

Xq + X 3 X\ + x 2 



The scalar product of E| corresponds to the scalar product 

(5) < u,v >= i{tr(uv) -tr(u)tr(v)}, u,v e M 2 R. 

Note that < u, u >= — detu. The standard basis eo, ei, e2, e3 for E| is 
identified with the matrices 

i o\ . / i\ ./ _ /o i\ , ' _ A 
1/ ' 1 I -1 0/ ' J U ' lo -1 



i.e. 



(6) (x ,2;i,X2,X3) < — > x l + Xi'i + x 2 j + x 3 k 



x + x 3 xi + x 2 

-X\ + X 2 Xq - X 3 



Note that the 2x2 matrices xqI + x\i + x 2 j + x 3 k form the algebra EI 
of split- quaternions. (For more details, see, for example, |13|.) Under the 
identification © , the group G of timelike unit vectors corresponds to a special 
linear group 



SLoT: = { ( " b A MoT: :,„/-/„•= 1 



c: 



The metric of G induced by the scalar product © is a bi-invariant Lorentz 
metric of constant curvature —1. Hence, G is identified with Hf (— 1). 

3. Cartan's Formalism 

Let {e a ■ a = 0, 1, 2, 3} be a frame field of E§, i.e., {e Q (p) : a = 0, 1, 2, 3} is 
a basis for the tangent space T p Ef at each p £ E|. Denote by (•, -) p the scalar 
product on the tangent space T P E| , p € Ef. Then 

f 1 if a = /3 = or 1, 
<e Q ,e / 3>=< if ot^fi, 

[ 1 if a = (3 = 2 or 3. 

There exist unique connection 1-forms {ujP : a, /3 = 0, 1, 2, 3} such that 

(7) de a = uj^ep. 
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We use the index range 1 < i, j, k < 3 and denote by uj 1 the connection form 
(Jq. Then the equation {JJ can be written 

(8) de = u/ej, 

(9) de 1 = u°e + u 2 e 2 + u}fe 3 , 

(10) de l = cd?e + ujjej, i = 2, 3. 

The connection 1-forms {wf : a, /3 = 0, 1, 2, 3} satisfy: 

w£ = < = 0, a = 0,1,2,3, 

uj\ = ujj, ujg = uj°, i = 2,3, 
w< = hj = 2,3. 
Differentiating the equation (JSJ we get the /irsi structure equation: 

(11) do;* = -wj AuA 

Differentiating this first structure equation (|llfl we get the second structure 
equation: 

(12) dwj = -wj.Aw}. 

For the frame field of timelike immersion 9? : M — ► Hf (— 1), we have 

(13) doj 1 = lj 2 A lo\ (The First Structure Equations) 

(14) duj 2 = uj 1 A oj\ 

(15) = uj 1 A — uj 2 A w| (Symmetry Equation) 

(16) dw] = ~u l Auj 2 +luI AluI (Gaufi Equation) 

(17) duj\ = A W3 (Mainardi-Codazzi Equations) 

(18) du\ = -u\ A W3. 

Proposition 1. Let : M — ► Hf(— 1) fee a timelike immersion. If {e\ = 
e _ 2"</J x ,e2 = e~¥ (y 9j /j e3 = AT} forms an adapted frame field along ip, then 
the Gaufiian curvature K and mean curvature H of ip satisfy the following 
equations: 

(19) ulAul = (K + l)ui 1 Aui 2 , 

(20) ojI Aw 2 + UJ 1 Awf = -2HW 1 Aw 2 . 

Proof. From the symmetry equation H15|l. we see that there exist smooth 
functions hy, i,j — 1,2 such that 



-/in h 12 

<l21 — h,22 



and hi2 = —^21- 
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Note that to 1 and to 2 are the dual 1-forms of ei and e2, resp., and so 
lo\ A W3 = (/in/122 + /i^w 1 A 

where if is the Gaufiian curvature of <p. Thus, the Gaufiian equation I jlfijl can 
be written as duj\ = Kuj 1 A lo 2 . The mean curvature H of <p is 11 — — — . 
Hence, 

^3 A to 2 + lu 1 A lu 2 = -(/in + h 2 2)uJ 1 A lu 2 

□ 

4. Lie Group Actions ju and on E 2 

The Lie group SL2K x SL 2 R acts isometrically on Ef via the group action: 

H : (SL 2 R x SL 2 R) x E 2 — > E^; fi{gi,g 2 )u = gmgl 

This action is transitive on Hf (— 1). The isotropy subgroup of SL 2 R x SL 2 R 
at 1 is K, = {(g, (.g -1 )*) : g G SL 2 R)} and Hf (— 1) is represented as the 
Lorentzian symmetric space SL 2 R x SL 2 R//C. The natural projection 7r M : 
SL 2 R x SL 2 R — > Hf(— 1) is given explicitly by 7r M (gi,g 2 ) = 5i5 2 - 

The Lie group SL 2 R x SL 2 R also acts isometrically on Ef via the diagonal 
action: 

v : (SL 2 R x SL 2 R) x E^ — > E*; n(g 1: g 2 )u = gmg^ 1 . 

This action is also transitive on Hf (— 1). The isotropy subgroup of SL 2 R x 
SL 2 R at 1 is the diagonal subgroup A of SL 2 R x SL 2 R, that is, A = {(g, g) : 
g G SL 2 R} and Hj( — 1) is also represented by SL 2 R x SL 2 R/A as a Lorentzian 
symmetric space. The natural projection 7r„ : SL 2 R x SL 2 R — > Hf (— 1) is 
given explicitly by 

n v (9u92) = 5i52~\ (51,52) e SL 2 R x SL 2 R. 

Moreover, SL 2 R acts isometrically on Ef via the Ad-action: 

Ad : SL 2 R x Ef — ► E?; Ad(.g)u = gu 5 _1 , 5 G SL 2 R, u G E?. 

The actions /1 and both induces a double covering SL 2 R x SL 2 R — ► 
0++(2, 2) of the Lorentz group 0++(2, 2). 

Remark 1. In 10 , J. Q. Hong used the group action fi to study a Bryant 
type representation formula for timelike cmc 1 surfaces in Hf(— 1). In pQ, 
R. Aiyama and K. Akutagawa also used the action /i to study Kenmotsu- 
Bryant type representation formula for spacelike cmc surfaces in Hf(— 1). In 
this paper, we use both actions /x and v. 
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The frame field {e a : a = 0, 1, 2, 3} can be parametrized by the Lie group 
SL2M x SL2IR via the Lie group action /j,: for each g = (gi, g 2 ) G SL2R. x SL2R, 

eo{g) ■= /"(sO(i) = giigl, 

ei(ff) := = 5ii32: 

e 2 (5) := ) = ffiJ 32. 

e3(5) := Mff)( k ) = 51k 

The frame field {e a : a = 0, 1, 2, 3} can also be parametrized by the Lie group 
SL2M x SL2M via the Lie group action v. for each g = (31, 32) S SL2K x SL2K, 

eo(ff) := KflOC 1 ) = .91 

ei(ff) := f(ff)(i) = ffiiff^ 1 : 

e 2 (3) := v(g)(j ) = .9ij g 2 l , 

ea(g) KflO( k ) = Sik'.^ 1 - 
We need the following two equations in order to do some differential geometric 
computations in Sections and [7] 

Lemma 2. If the frame field {e a : a = 0, 1, 2, 3} is parametrized by SL 2 K x 
SL 2 M via the action \i, then the pull back g~ x dg of Maurer-Cartan form Q = 
(u>P) can be written as the following equation in the Lie algebra sl 2 M.(B sl 2 M.: 

g~ 1 dg = gi 1 dgi © g 2 x dg 2 , 

where 

(21) g x dgi--\_ w i +u}2 _ [j i +u j2 -oja.^i ) 
and 

(22) 9 ^d 9 2=-( x w l~A 2 -- 1 +-;+-3--3 2 y 

K ' y2 J 2 V^ 1 + + w£ + w| -uj 3 +u)\ J 

Proof. For simplicity, let (To := 1, o~\ := i,o~ 2 '■= j , c 3 := k . By applying the 
chain rule, 

de a (g) = d(gio- a g\) 

= {dgi)a a g t 2 + gia a dg\ 

= giigi 1 (dgi)o- a + o- a (g 2 ~ 1 dg 2 ) t }g t 2 . 

On the other hand, 

de a = ep = ajPg 1 o-pg 2 - 
Hence, we have the equation 

{g^dgijo-a + o- a (g 2 ~ 1 dg 2 ) t = wfo> 
The equations (|2*T|) and follow from this equation. □ 
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f) 



Lemma 3. If the frame field {e a : a = 0, 1, 2, 3} is parametrized by SL2R x 
SL2R via the action v, then the pull back g~ x dg of Maurer-Cartan form Q, = 
(wf) can be written as the following equation in the Lie algebra s^K © s^R.' 



9 ld 9 = 9i l dgi ® {dg 2 1 )g 2 , 



wh 



ere 



1 



(23) g x dgi--{_ ul+(Ji _ u i +ij) 2 ~ _ ^ 



and 

(24) (dg^)g 2 



If UJ 3 - Uj\ 



Proof. Similar to the proof of Lemma |3 we get the equation 

{9i l dgi)(T a + a a {dg 2 1 )g 2 = w^ap 
and the equations (|23|l and (|24|l then follow. □ 

5. Timelike cmc Surfaces in AdS 3-Space Hf(-l) and Integrable 

Systems 

Let M be a simply-connected open and orientable 2-manifold and tp : 
71/ — > M 3 (— 1) a timelike conformal immersion. 

By using a double covering induced by the group action fj,, we can find lift 
<f> = ($1, $2) (called a coordinate frame) of T to SL 2 R x SL 2 R: 

M ($)(l,i,j',k')=^. 

That is, the lifted framing $ = ($1, $2) : M — > SL 2 R x SL 2 R satisfies 5 

/*(*)(!) = = <P, 

M ($)(i) = = e-Vtp.., 

A*(*)0') =®i3® t 2 = e-%tp v , 
^($)(k) = $ik'$ 2 = N. 

Then 

(25) < Pu = e%<f> 1 (° Q J)$ 2 



and 



(20) -i 1 ( l l °W 



5 Here, we use the same /i for both Lie group action and group representation. 
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Similarly, by using a double covering induced by the group action v, we can 
find lift * = (#1, * 2 ) of T to SL 2 M x SL 2 R: 

i/(F)(l,ij',k')=^. 
The lifted framing W = * 2 ) : M — > SL 2 R x SL 2 JR satisfies 

= #ll*2 1 = 



i/(*)(k ) = *ik *3 



Then 
(27) 
and 
(28) 



1 






1 



N. 



Let s := (cp,(p u ,(p V) N). Then s defines a moving frame on the immersed 
surface <p and satisfy the following Gaufi-Weingarten equations: 



sU, S v = sV, 



(29) 
where 

(30) U 



The integrability condition of the Gaufi-Weingarten equation is the Gaufi- 
Mainardi-Codazzi equation 

V u -U v + [U, V] = 0. 
This Gaufi-Mainardi-Codazzi equation is equivalent to 



/o 


|e" 


^ 




f° 


ie- 


° \ 


1 


w„ 


-H 










-2Re~ u 








-2Qe~" 


1 


w„ 


-H 




Q \e u H 






1° 


\e"U R 





1 



e"( J ff 2 



1) 



2Qi?e~ 



0. 



(31) 

(32) H u = 2e~ ul Q v , H v = 2e^R u . 

Remark 2. From the equations l|32ll . we see that a timelike surface : M — > 
Hf (— 1) has constant mean curvature if and only if R u = Q v = 0. In this 
case, i? is said to be Lorentz antiholomorphic and Q is said to be Lorentz 
holomorphic, respectively. 
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Each component framing <&i and <I> 2 of $ satisfy the following Lax equa- 
tions: 

($i)„ - $tUi, = $iVi; 

(*2)u = $2%, ($ 2 )„ = $ 2 V 2 , 



where 

(33) Ui = 

(34) Vi = 

(35) W 2 = 

(36) V 2 = 



^ £e*(ff + l) 
_ e -*Q _^ 

_i e *(jT_l) ^ 

-ief(if-l) ^ 
t |e*(ff+l)' 



4 

The compatibility conditions ($i) M „ = and ($ 2 ) M „ = ($ 2 )t, u give the 

Maurer-Cartan equations 

(37) (Wi) w -(Vi)„-[Wi,Vi] = 
and 

(38) (W 2 )„-(V 2 )„-[W 2 ,V 2 ] = 0. 

Each of these two Maurer-Cartan equations is also equivalent to the Gaufi- 
Mainardi-Codazzi equations l|31|) and (|32[) . 

Each component framing and ^ 2 of 'J satisfy the following Lax equa- 
tions: 

(*i)„ = tfiWi, (*i), = *iVi; 
(*a)u = *2W 2 , (* 2 )« = *2V 2 , 

where 

(39, «, . p tQ 

< 40 » » - (-j-"(S-d T 



(41) U 2 = 

(42) V 2 = 



4 

^ |e*(#-l) 
_i e f (jff + l) ^ 



The compatibility conditions (^i)^ = (^i) V u and ( X P 2 )™ = (^2)™ give the 
Maurer-Cartan equations 

(43) (U 1 ) v -{V 1 ) u -[U ll V 1 ]=0 



12 



SUNGWOOK LEE 



and 

(44) (U 2 ) v -{V 2 ) u -[U 2 ,V 2 ] = 0. 

Again, each of these two Maurer-Cartan equations is equivalent to the GauB- 
Mainardi-Codazzi equations and (|32|1 . 

We now have the following representation formulae for timelike cmc surfaces 
in Hf(-l). 

Theorem 4. Let M be a simply- connected region in Minkowski plane E^ = 
(R 2 (u,v),dudv). 

(1) Let <f> = ($i, $ 2 ) : M — ► SL 2 R x SL 2 R be a solution to the following 
Lax equations: 



ere 

TTiera ip :— /x($)(l) = $i$ 2 : M — ► Hf (— 1) defines a timelike cmc 
if immersion into Hf(— 1). 
(2) Let * = * 2 ) : M — ► SL 2 M x SL 2 R be a solution to the following 
Lax equations: 



(46) 

where 



(*i) t , = *iW 1 , (*i)„ = *iVi; 
(*a)« = *2W 2 , (# 2 )t, = *2V 2 , 



T/ien ^ := " (*)C-) = ^l*^ 1 : M — ► Hf (— 1) defines a timelike cmc 
if immersion into Hf (— 1). 

Let H ei H S1 Hh be the constant mean curvatures of timelike surfaces in 
Minkowski 3-space Ef, de Sitter 3-space §f (1) and anti-de Sitter 3-space 
Hf(— 1), resp. Then these timelike cmc surfaces in each space-form satisfy 
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the following GauB-Mainardi-Codazzi equations: 

w„„ + 7^e e " ~ 2Qi?e _w = Lorentz 3-space Ef case, 

u U v + x( H s + !) eW - 2QRe- UJ = de Sitter 3-space Sf (1) case, 

oJuv + -{Hl- l)e w - 2QReT^ = anti-de Sitter 3-space Hf(-l) case. 

By comparing these GauB-Mainardi-Codazzi equations, we can deduce the 
Lawson-Guichard correspondence between timelike cmc H e surfaces in Ef, 
timelike cmc H s surfaces in Sf (1) and timelike cmc Hh surfaces in Hf(— 1), 
which satisfy the same GauB-Mainardi-Codazzi equation. Such cmc surfaces 
are called cousins of each other. In particular, we see that there is a bijective 
correspondence between timelike minimal surfaces (H = 0) in Ef and timelike 
cmc ±1 in Hf (— 1). For this reason, we are mainly interested in timelike cmc 
±1 surfaces in (— 1). If H = ±1 then the GauB-Mainardi-Codazzi equations 
(131(1 become 

u w -2e- u RQ = 0, 

— Qv 0- 

For more details about the Lawson-Guichard corresponce, please see the ap- 
pendix I (section 

Remark 3. Note that one can normalize the Hopf pairs Q and RUM has real 
distinct principal curvatures or imaginary principal curvatures everywhere. 
For example, Q = ±R = 1 reduces the GauB-Mainardi-Codazzi equations 
(|31|l to the Liouville equation u> uv — ^f2e~ u . 

Since the sign of H depends upon the orientation of a surface (i.e., the 
orientation of the unit normal vector field N), hereafter we consider only 
H = 1 case. 

Corollary 5. Let M be a simply- connected 2-manifold. 

(1) Let $ = (<I>i, <& 2 ) : M — ► SL 2 K x SL 2 IR be solutions to the following 
Lax equations: 

- SiWi, ($i)„ = $iVi; 

(*2)u = $2^2, ($ 2 )„ = $2V 2 , 



(47) 



wh 



ere 



-e-*Q -Sf) " V 4 



TTien y := ■ — > ^i(~l) defines a timelike cmc 1 immersion 

mtoHf(-l). 
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(2) Let * = (*i,* 2 ) : M — > SL 2 M x SL 2 M be solutions to the following 
Lax equations: 

(*i) w = *iWi, (*i)„ = *iVi; 
(* 2 )« = * 2 W 2 , (tf 2 )„ = * 2 V 2 , 

where 

nes a timelike cmc 1 immer- 
sion into Hf (— 1). 

6. Timelike Surfaces of Constant Mean Curvature ±1 in AdS 
3-Space Hf(— 1) via the Group Action h 

In |l(Jj . J. Q. Hong gave a Bryant type representation formula for timelike 
surfaces of constant mean curvature 1 in Hf (— 1). In this section, we reproduce 
J. Q. Hong's Bryant type reprepsentation formula in a more general context. 

Let F : M — ► SL 2 M x SL 2 R be a lift of T to SL 2 M x SL 2 K via the Lie group 
action n, i.e., (i(F)(l, i, j', k') = T. Let fi := fi x © f2 2 G st 2 M©s[ 2 K, where 
flj = F^ l dFi G sI 2 R, z = 1,2. The Gaufi and Mainardi-Codazzi equations 
are equivalent to Maurer-Cartan equation 

(48) dn + n a n = o, 

which is the null curvature (integrability) condition of the Maurer-Cartan 
form a Let .F* denote the pull-back map F* : (st 2 K)* © (st 2 M)* — ► T*M. 
The Maurer-Cartan forms fi$ = F~ l dFi G s[ 2 M, i = 1,2 can be written as 
the following equations: 

2 y — w l "r" — w 3 T ^3 — W — W 2 / 

(50) F-i d F 2 = Vf r^T^L 2 -- 1 +-3+-a--3 2 V 

Definition 1. Let M be a 2-manifold. A map F : M — ► SL 2 R is said to be 
null if F* ((f)) = 0, or equivalently det(F~ 1 dF) = 0, where <f> is the quadratic 
Cartan- Killing form (f> — — 8 det(g~ 1 dg). 

Theorem 6 (A Bryant type representation formula for timelike cmc ±1 Sur- 
faces in Hf(— 1)). Let M be an open 2-manifold and F — {F 1 ,F 2 ) : M — ► 
SL 2 M x SL 2 K an immersion such that 

(1) F\ is Lorentz holomorphic, i.e., (F\) v — and F 2 is Lorentz antiholo- 
morphic, i.e., (i 7 ^)^ = 0, 
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(2) Fx and F 2 are null, i.e., detFf 1 dFi = detF 2 _1 rfF 2 = 0. 
Then 

(51) <p := fi(F)(l) = FxFl 

is a smooth conformal timelike immersion into Hf (— 1) with cmc ±1. Con- 
versely, let M be an oriented and simply- connected Lorentzian 2-manifold 
with globally defined null coordinates 6 . If tp : M — > Hf(— 1) is a smooth 
conformal timelike immersion with cmc ±1, then there exists an immersion 
F = (Fi,F%) : M — > SL 2 R x SL 2 K such that F\, F2 satisfy the conditions 
(1), (2), andi P = F 1 Fl 

Proof. Let lu + = LU l + oj 2 , oj~ = —lu 1 + lu 2 , tc + = lo\ + lo 2 , ir~ — — lu\ + lu 2 . 
Also let 



F*(lu 3 + u)\) = 2ai, F*(lu+ - 7T+) = 2ft, F*(oj~ + tt") = 2 7l 
F*(lu 3 - luI) = 2a 2 , F*(lu- - n~) = 2ft, F*{uj+ + n+) = 2 72 . 

Then the Maurer-Cartan equations (|21|l and 1221) become 
(52) F^dFx = ^F* 



LJ 3 - 




LU+ - 7T+ \ 




ft 


LU~ 






\7i 


—ot\ 


lu 3 


-U)\ 


UJ~ — TT~ \ 


_ (OL2 


P2 


LU + 


+ 7T+ 


-UJ 3 + Lu\) 


~ \12 


—a 2 



(53) F^dF 2 = If* 

Note that F*(uj 3 ) = a x +a 2 , F*{lu+) = ft +72, F*(uj-) = -(ft +71). Since 
det F^dFi = det F^dF 2 = 0, ct\ + ft 71 = and ct% + ft.72 = 0. 

Denote by ds 2 the metric in Hf (— 1) induced by the canonical semi- 
Riemannian metric in E2. If we regard eo as a map eo : SL 2 R x SL2M — ► 
Hf(-l) given by e (g) = fi{g)(l), 9 £ SL 2 R x SL 2 M, then 



e^ds 2 ) =< deo,deo > 
1 e 1 +uj 2 
-(uj 1 ) 2 + (ou 2 ) 2 + (uj 3 ) 2 



=< u) e\ + uj 2 e 2 + Lu 3 es, uj 1 e\ + cu 2 e 2 + Lu 3 e^ > 



In Lorentzian case, the so-called Riemann Mapping Theorem or Kobe Uniformization 
Theorem does not hold. So, globally defined null coordinates do not exist, in general, on a 
simply-connected Lorentzian 2-manifold. 
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defines an indefinite metric in the oriented orthonormal frame bundle of 
Hf(-l). Since ^e oF, 

ds% = y*{ds 2 ) 

= F*oe*{ds 2 ) 

= F*((lu 3 ) 2 + {-(uj 1 ) 2 + (uj 2 ) 2 }) 
= F*(cu 3 ) 2 +F*(lu+)F*(lu-) 
= 2a 1 a 2 + + 7172 • 

Since F is an immersion, the last expression defines a metric. 

We now show that for the immersion ip : M — > Hf(— 1), H = 1. Let 
U C M be a simply-connected open set in which there exists a null coordinate 
system (u, v) such that ds^ = e^dudv for some real-valued function u : U — ► 
R defined on J7. Clearly M is covered by such open sets. Let r\ = e%du and 
£ = e%dv. There exist functions A\, A 2 , B\, B 2 , d, C 2 such that 

F*(lu 3 +luI) = 2A lV , F*(lu 3 = 2A 2 £, 

F*(lo + - 7T+) = 2Bi77, F*(cj- - tt") = 2B 2 £, 
+ 7T-) = 2Ci»y, F*(cj+ + 7T+) = 2C 2 e 

We, then, have equations 

A 2 + Bid =0, ^ 2 + B2C2 = 0, and 2AiA 2 + BiB 2 + CiC 2 = 1. 

In the open set U, 

ds% = (2AJ.A2 + BtBi + dC 2 H 
= vt- 

Since A\ + B\C\ = and A 2 + B 2 C 2 = 0, there exist smooth functions 
Pi, Pi, qi, 92 defined in U (unique up to replacement by (—pi,—qi) and 
(— pi,— q 2 ) respectively) such that 

A\ = piqi, A 2 = p 2 q 2 
Bi = q\, B 2 = q\ 
d - ~p\, C 2 = -p\ 

and 

2piqipiqi + q\q\ + p\p\ = (pip 2 + qiq 2 ) 2 = 1. 

By the continuity of pip 2 +qiq 2l either pip 2 +qiq 2 = 1 in U 01 pip 2 +qiq 2 = -1 
in U. Without loss of generality we may assume that p\p 2 + qiq 2 = 1. Now 

define a map h : U — ► SL 2 M by h = ( Pl ~ q2 ) . Then e (fifc, i^/i" 1 )*) = 

\5i P2 / 



TIMELIKE cmc ±1 SURFACES IN ADS 3-SPACE H?(-l) 
e (F l ,Fa)=FlF^. 
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(Fih)- 1 d{F 1 h) = (h- 1 F{ 1 ){{dF 1 )h + Fxdh) 
= h- 1 (F{ 1 dF 1 )h + h- 1 dh 

= fc -i(W -ti) vh + h- l dh 
V it -pin) 

_ /" P2<2pi + q2dqi -p 2 dq 2 + q 2 dp 2 - v\ 
\-q 1 dp 1 + p 1 dq 1 q 1 dq 2 + P\dp 2 ) 



Similarly, 



(F 2 {h-^)- 1 d{F 2 {h-^)= ( p^+^ d f -Pidqi+ qi d Pl -ty 

\~q 2 dp 2 + p 2 dq 2 q 2 dq x + p 2 dp Y ) 

It then follows that (Fh)*(uj 3 ) = 0, (Fh)*(u+) = -r] and (Fh)*(uj-) = 
i.e., (F±h, F 2 (h~ 1 ) t ) : U — ► SL 2 M x SL 2 K is an oriented framing in U along 
the immersion tp — e o F — e (Fih, F 2 (h~ 1 ) t ) = fi-Fj. 

The 1-form —(Fh)*(uj~ + 7r~) = p±dqi — qidpi can be written 



pidqi - q\dp x 



p\d{f^) where Pl ? 



faf) where 9 i ^ 



Hence, §(£7i)*(u;- + 7r ) is a 1-form of type (1,0), i.e., a multiple of the 1- 
form i]. Similarly, (Fh)*(oj + + ir + ) is a 1-form of type (0, 1), i.e., a multiple 
of the 1-form £. 

Since (Fh)*(uj + ) = -r\ and (Fh)*(u~) = by the equation (gDJ, one 
can easily see that: 

(1) If (p satisfies H = 1 in f7, then (Fh)*(ui~ + ir~) is a 1-form of type 
(1, 0) and (Fh)*{uj+ + tt+) is a 1-form of type (0, 1). 

(2) If {Fh)*{u- +7T - ) is a 1-form of type (1,0) or (F/i)*(w+ + n+) is a 
1-form of type (0, 1), then ip satishes H = 1 in U. 

Therefore, we conclude that H = 1 in U. 

Conversely, let M be an oriented and simply-connected Lorentzian 2- 
manifold with globally defined null coordinates (u,v). Let ip : M — ► Hf(— 1) 
be a smooth conformal timelike immersion into IHlf ( — 1 ) with cmc 1. Then 
ds 2 ^ — e^dudv for some real- valued function u> : M — ► KL Let ?/ = e%du and 
£ = e%dv. Then one can choose a lifting g = (gi,g 2 ) ■ M — > SL 2 M. x SL 2 M. 
such that the associated frame field {eo(g)} is adapted with g*(uj + ) — —77 and 
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*(lu-) = Since g*{uj 3 ) = 

g^dg 



2 9 



g 2 lrf 52 = 





-<A 




-LO+- 








U~ — 7T 


UJ+ +7T+ 






— LU~ — 


LU+ + 7T+ 





-1 




-1 




Let C 



2i> 



E sl 2 R. Then d( = —( A C- The equa- 



tion g?£ — — £ A ( satisfies the integrability condition; hence, by the Frobcnius 
Theorem, there exists a smooth map h : M — > SL 2 M such that £ = h~ 1 dh. 
Since h £ SL 2 R, it can be written 



h =\ P n 1 T ) ' -Pl>P2,<7l,92 G 
<7l £>2 



Set Fx := gih' 1 . Then 



F- l dF x = (g.h-^digih- 1 ) 

= hig^dg^h- 1 + hdh' 1 

= h\(+(° n f] h' 1 + hdh- 1 



\ <ii -pi.<nj v ' 





( Pi 91 -P? 



The differential d can be written as d = d + d" , where 9 is the Lorentz 

holomorphic part and d is the Lorentz antiholomorphic part. Since d F\ = 
dF 1 

— — dv = 0, F\ is Lorentz holomorphic. 

ov 
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If) 



Set F 2 ^g 2 hK Then 

F 2 ~ 1 dF 2 = (g 2 h t )- 1 d(g 2 h t ) 

= {h t )-\g 2 - 1 dg 2 )h t + {h t )- l dh t 




V il -Pith, ) 



r Vr 2 

Since d F 2 = — du = 0, F 2 is Lorentz antiholomorphic. Finally. 



du 



FiF 2 *= g 1 h- 1 (g 2 h t ) t = = p. 



□ 



Remark 4. Note that, in Theorem El </? = -Fi-F 2 has cmc 1 (cmc —1) if the 
framing _F is orientation preserving (orientation reversing). In order to prove 
Theorem for orientation reversing framing F, one needs to take 



7. Timelike Surfaces of Constant Mean Curvature ±1 in AdS 
3-Space Hf(-l) via the Group Action v 

Let F : M — ► SL 2 ]R x SL 2 M be a lift of T to SL 2 M x SL 2 M via the Lie group 
action v, i.e., u(F)(l, i, j', k') = T. Let VL := Qi © Q 2 e s[ 2 R©st 2 E, where 
Qi = F^dF u n 2 = (dFz 1 )F 2 E sl 2 R. The Gaufi and Mainardi-Codazzi 
equations are equivalent to Maurer-Cartan equation 

(54) dn + n a n = 0, 




Remark 5. 



d4 = ^(d S 2 ) 

=<d{F 1 F t 2 ),d{F 1 F 2 ) t > 

= -det{Ff x dFi + (F^dFa)'}. 



So, does not assume degenerate points if and only if 



det{F~ 1 dF 1 + (F^dFsY} + 0. 
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which is the null curvature (integrability) condition of the Maurer-Cartan 
form 0. Let F* denote the pull-back map F* : (sl 2 M.)* © (st 2 R)* — > T*M. 
The Maurer-Cartan forms fii = F~ 1 dF 1 , Cl 2 = (dF 2 1 )F 2 can be written as 
the following equations: 

< 55 > ^ = ^Ur+C 

(56) (dF 2 ^)F 2 = ^(^V 

Theorem 7 (A Bryant type representation formula for timelike cmc ±1 Sur- 
faces in Hf(— 1)). Let M be an open 2-manifold and F — (Fi^Fs) : M — > 
SL2M x SL2M an immersion such that 

(1) Fi is Lorentz holomorphic, i.e., (Fi) v = and F 2 is Lorentz antiholo- 
morphic, i.e., (i 7 ^)™ = 0, 

(2) detFf^Fi = detfUF^T 1 )^ = 0. 
Then 

(57) if, := v(F)(l) = F 1 F 2 ~ 1 

is a smooth conformal timelike immersion into Hf (— 1) with cmc ±1. Con- 
versely, let M be an oriented and simply- connected Lorentzian 2-manifold 
with globally defined null coordinates. If ip : M — > Hf (— 1) is a smooth 
conformal timelike immersion with cmc ±1, then there exists an immersion 
F = (Fi,F 2 ) : M — > SL2M x SL2K such that Fx, F 2 satisfy the conditions 
(1), (2), andi/j = F\F, 



-1 
2 



Proof. We use the same uj + ,uj ,tt + ,it and ai,/3i,7;, i = 1,2 as defined in 
the proof of Theorem Then 



Here, 



F^dF, = h & ) and (dF^)F 2 =h 72 

1 \7l -Oil J \P2 -«2 



ds% = F*(lu 3 ) 2 + F*(lu+)F*(u-) = 2aia 2 + /3i/3 2 + 7i72 



defines an induced metric of ip since F is an immersion. 

Let U C M be a simply-connected open set in which there exists a null co- 
ordinate system (u, v) such that cis 2 = e^dudv, for some real-valued function 
ijj : U — > K. M is covered by such open sets. Let r\ = e%du and £ = e%dv. 
Then, by exactly the same argument in the proof of Theorem there exists 

a smooth map h : U — > Sh 2 M. given by h = ( ^ ^ 2 | and 

\Qi P2 J 



e oFh = e (Fih, F 2 h) = F 1 h(F 2 h)^ 1 = F^ 1 = e o F. 
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(F^^diFih) = h-^F^dF^h + h^dh 

P2d.p1 + q 2 dq\ -p 2 dq 2 + q 2 dp 2 - V 
-qidp 1 +pidqi q\dq 2 + p\dp 2 



and 



d(F 2 h)- 1 F 2 h = (dh-^h + h- 1 [{dF^ 1 )F 2 ]h 

P\dp 2 + qidq 2 -q 2 dp 2 + p 2 dq 2 
-p\dq\ + q 1 dp 1 - £ q 2 dqi + p 2 dpi 

It then follows that (Fh)*{Lo 3 ) = 0, (Fh)*(w+) = -r\ and {Fh)*{uj-) = 
Hence, Fh : U — ► SL2K x SL2M is an oriented framing in U along the 
immersion ip — FiF^ 1 and ip satisfies H = 1 in U. 

Conversely, let M be an oriented and simply-connected Lorentzian 2- 
manifold with globally defined null coordinates. Let tp : M — ► Hf(— 1) 
be a smooth conformal timelikc immersion with cmc 1. There exist a null 
coordinate system (u, v) in M such that ds^ = e^dudv for some real- valued 
function ui : M — ► K. Let 77 = e%du and £ = e^dv. Then one can choose a 
lifting g : M — ► SL2M x SL2R such that the associated frame field {eo(g)} is 
adapted with g*(uj + ) = -77 and g*{uJ~) = Since g*(uj 3 ) = 0, 

-1, 1 , / ^ 

1 * / W, 1 -W+ - 7T+\ . /0 -1 



^'U-+7T- J +?? V0 



, , -In 1 * ( ~U\ U + + 7T + 

(dg 2 )g 2 = - 2 g ^_ _ 9 ff _ w i 

1 * / -coi U+ + 7T+\ V 



and 



2 y \,-w--7r- ul j T H-l 

Let C = -9* I ^ _W+ ~i] G sfeR. Then dC = -£ A C and this 

equation satisfies the integrability condition; hence, by the Frobenius The- 
orem, there exists a smooth map h : M — ► SL 2 M. such that £ = h^dh. 

, pi,p 2 , qi,q 2 € M. Set 

9i P2 / 

Fi = gih' 1 . Then 

„2 



Ff 1 ^ = H 1 - pl ) V 

1 v if -pin; 



22 



SUNGWOOK LEE 



and F\ is Lorentz holomorphic. Set F 2 = g 2 h . Then 
{dF^)F 2 = (dh)^ 1 + h[(dg^ 1 )g 2 ]h- 1 





(dh)^ 1 + h 
0* 



h 



-1 



C- 



-1 



h- 1 



\-pl -V2q_ij 

and F 2 is Lorentz antiholomorphic. Finally, 

FiF-2 1 = gih- 1 (g 2 h- 1 )- 1 = 9l g^ = i/,. 



□ 



Remark 6. Note that 

ds^p =< dip, dtp > 

= <d(F 1 F- 1 ),d(F 1 F- 1 ) > 
= -det{F^ 1 dF 1 + (dF- 1 )F 2 }. 
So, ip does not assume degenerate points if and only if 
det{F^ 1 dF 1 + {dF^Fi} + 0. 

8. Timelike Minimal Surfaces in Ef and the Classical Gauss Map 
Recall that the Lie group G = SL 2 R acts isometrically on Lorentz 3-space 
Ef via the Ad-action. The Ad(G)-orbit of k = ^ ^ ^ is a pseudosphcrc 
or de Sitter 2-space: 



-1 



S((l) = {( Xl ,x 2 ,x 3 )£Mi : 



!}■ 



The Ad-action of G on Sf (1) is transitive as well. The isotropy subgroup of G 



at k is the indefinite orthogonal group SOi(2) = {x l + X3k 
Thus, §i(l) can be identified with the symmetric space 



!}• 



SL 2 M/SOi(2) 



1 



h- 1 :h€ SL 2 J 



The orthogonal subgroup SOi(2) can be regarded as the hyperbola Hq in a 
Lorentz plane E 2 (xo, £3). (This is a Lorentz analogue of S 1 C E 2 .) Note that 
the group Hq is isomorphic to the multiplicative group R x = (R \ {0}, x). 

Let N = (0, 0, 1) and 5" = (0, 0, -1) e § 2 (1) be the north and south pole of 
§ 2 (1). Let p+ : § 2 (l)\{a;3 = —1} — ► E 2 \Hq be the stereographic projection 
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from the south pole S = (0, 0, —1), where Hq = {(xi, x 2 ) G E\ : —x\ + x\ = 
-1}. Then 

, N ( xi x 2 

p + (Xl,X 2 ,X 3 ) = 



1 + x 3 ' 1 + x 3 
xi + x 2 —x\ + x 2 



g E?(u,w). 



1 + x 3 ' 1 + x 3 

Let p_ : Sf (1) \ {.x 3 = 1} — > E 2 \ be the stereographic projection from 
the north pole S = (0, 0, 1). Then 

xi x 2 



.(xi,x 2 ,x 3 ) = 



1 - x 3 1 - x 3 
xi + x 2 -xi + x 2 



G El(u,v). 



- x 3 l - x 3 

Note that the classical Gaufi map (i.e., the unit normal vector field) N of time- 
like surfaces in Ef is mapped into de Sitter 2-space Thus, the image 

of classical Gaufi map can be represented by the matrices h\ ( ^ J ft. -1 , ft G 



SL 2 M. If the timelike surface preserves the orientation, then ft = ( Pl q2 I G 



-I 
Pi 

SL 2 R. So, 

v -1/ \ 2p 2 gi -piP2 + qiq2j 

and p_{h\\ ^ ] ft -1 ) = | — , — ] G E?(u, u). If the timclikc surface 
V° _1 / \9i 92/ 

reverses the orientation, then ft, = G SL 2 M. So, 

\P2 qi ) 

1 V 1= /- Pl p 2 + g ig2 2p ig2 \ s?(1) 
0-1/ V 2p 2 qi PiP2-9i92/ 

and p + (ft (J ft- 1 ) = e Et(u,v). 

Here, we recall the following Weierstrafi formula for a timelike minimal 
surface ip : M — ► Ef with data (g, /(g)) and (r, g(v)): 
(58) 

V>« = (^(l + 9 2 ), 4(1-<Z 2 ), -</)/(«), ^ = (-i(l + r 2 ), -i(l-r 2 ), -r)g(v). 

The induced metric of ip is 

gLs 2 = (1 + qr) 2 f(u)g(v)dudv. 

Remark 7. The ordered pair (q, r) coincides with the projected Gaufi map 
p_ o N of a timelike minimal surface with data (q, f(u)) and (r, g(w)). 
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while in this paper it is identified with 



Remark 8. In 13 , J. Inoguchi and M. Toda studied the construction of time- 
like minimal surfaces via loop group method. Their normalized Wierstrafi 
formula for a timelike minimal surface ip '■ M — > Ef with data (q, r) is 

(59) ^ u = {\{l + q 2 ),-\(l- q 2 ),- q ), ^ = (-I(l + r 2 ),-i(l-r 2 ),-r) 
and the induced metric of ip is 

ds^ = (1 + qr) 2 dudv. 

In |13| . the signs of coordinate functions in ip u and ip v are different. The 
reason is, in |13|. (xi,x 2 ,X3) G Ef is identified with the matrix 

— £3 —X\ + x 2 ^ 
x\ + x 2 x 3 

x 3 X\ + x 2 
-X1+X2 —X3 

Originally, this formula was obtained by M. A. Magid in ^7j. However, 
in ^7], the geometric meaning of the data (q, r) is not clarified. In the 
data (<7, r) are retrieved from the normalized potential in their construction. 
Moreover, q and r are the primitive functions of the coefficients Q and i?, 
resp., of Hopf pairs. Note that this is locally true. In general, 

(60) q u = 

(61) r v = * 

As is mentioned in Remark [7| (q, r) is the projected Gaufi map p_ o JV of a 
timelikc minimal surface given by the Weierstrafi formula (|59|l . 

9. Lawson-Guichard Correspondence between Timelike cmc ±1 
Surfaces in Hf(— 1) and Timelike Minimal Surfaces in Ef 

In Section we discussed the Lawson-Guichard correspondence between 
timelike cmc surfaces in three different semi-Riemannian space forms Ef , §f (1) 
and H|(— 1). In particular, there is a one-to-one correspondence between 
timelike cmc ±1 surfaces in Hf (— 1) and timelike minimal surfaces in Ef . In 
this section, we give such bijective correspondence explicitly using the Bryant 
type representation formulae in Sections and \7\ 

Let <p : M — ► H 3 (— 1) be a timelike cmc —1 surface. Then, by Theorem 
(or by Theorem 0), there exists a smooth immersion F — {F 1 ,F 2 ) : M — ► 
SL 2 M x SL 2 M such that 

(1) F\ is Lorentz holomorphic and F 2 is Lorentz antiholomorphic. 

(2) det(Ff 1 dFi) = det^ 1 ^) = 

(or (2') detCFf^Fi) = det((dF- 1 )F 2 ) = 0). 

(3) <p = F 1 F$ (or (3') ip = F 1 F 2 ~ 1 ). 
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As we have seen in the proof of Theorem (or Theorem , locally in an 
open set U C M, 

F- 1 dF 1 -- 




and similarly, 



F 2 ~ 1 dF 2 



or 



EL 




ill 


"if 


1 


_£2. / 


92 / 


P2 




92 2 


Vi 


_E2. 


Hi 


92 



Let g := — , /(u) := g?, r := — , and g(v) := q\. Then the Weierstrafi 
formula (|58|) defines a timelike minimal surface ip : U — > Ef . 

= ry£ 

= e^dudv 

— e u (l + qr) 2 f(u)g(v)dudv. 

So, the induced metric ds 2 ^ of the timelike cmc —1 surface <p is conformal to 
ds%. 

Conversely, assume that a timelike minimal surface tp : M — > Ef is given 
by the Weierstrafi formula (|58|l with data (q, f(u)) and (r, g(v)). Consider the 
following system of differential equations: 

1 -V 2 \ tr..\i.. c-i Jr _ ( r 



(62) F^dF 1 = f« _« j f(u)du, F 2 1 dF 2 = _ r J g(v)dv. 

Since these equations satisfy the integrability condition, there exists a solution 
(F 1 ,F 2 ) : M — ► SL 2 tt x SL 2 R satisfying the conditions (1) and (2). By 
Theorem El (p := FiF 2 : M — ► H? (-1) defines a timelike cmc — f surface in 
Hf(— 1). Similarly, the system of differential equations: 

(63) F^dF, = (j ~f\ f(u)du, {dF 2 ~ l )F 2 = f ^ _^ «,(„)&> 

satisfies the integrability condition; hence there exists a solution (Fi,F 2 ) : 
M — ► SL 2 R x SL 2 K satisfying conditions (1) and (2'). By Theorem 
ip := F\F 2 ~ 1 defines a timelike cmc — f surface in Mf (— f). 
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10. The Hyperbolic Gauss Map of Timelike Surfaces in Hf (— 1) 

Let ip : M — > Hf(— 1) be an oriented timelike surface in Hf(— 1). At 
each base point eo = tp(m) £ Elf ( — 1), £ T eo Hf(— 1) is an oriented unit 
normal vector to the tangent plane <^*(T m M). The oriented normal geodesic 
in Erf (— 1) emanating from eo, which is tangent to the normal vector e^(ip(m)) 
asymptotically approaches to the null cone N = {u £ JL 2 :< u, u >= 0} at 
exactly two points [eo + 63], [eo — 63] £ N. The orientation allows us to name 
[eo + 63] the initial point and [eo — 63] the terminal point. 

Define a map G : M — ► N by G(m) — [eo + 63] (to) for each rn £ M. This 
map is an analogue of the hyperbolic Gaufi map 7 of surfaces in hyperbolic 
3-space (— 1). The map will still be called the hyperbolic Gaufi map here. 

Let ip : M — > Hf (— 1) be a timelike surface in Hf (— 1) and da 2 denote the 
induced metric on N 3 . Then 

dal := (e + e 3 )*(dcr 2 ) =< d(e + e 3 ), d(e + e 3 ) >= -{lo 1 +to\) 2 + {lo 2 +lo 2 ) 2 . 

Proposition 8. The hyperbolic Gaufi map [eo + 63] : M — ► N ([eo — 63] : 
M — ► 'N) of a timelike surface ip : M — ► Hf (— 1) is conformal if and only if 
ip satisfies H = 1 (H = —1 ) or ip is totally umbilic. 

Proof. We will assume the same settings in the proof of Proposition Then 

da% = -(u; 1 +u; 1 3 ) 2 + (cj 2 +u J 2 3 ) 2 

= -((1 - hn)^ 1 + h 12 uj 2 ) 2 + (-hucj 1 + (1 - h 22 )uj 2 ) 2 

= {2H{H-1)-K)ds%- 

(H - l)((/i u - h 22 ){u 1 ) 2 - Ahuuj 1 ®u 2 + (h n - h 22 ){u 2 ) 2 ). 

Thus, [eo + 63] is conformal, i.e., da^ is a multiple of ds 2 ^ if and only if 
{H - l)(h n - h 22 ) = {H - l)h 12 = 0. 

If H = 1, then da^ = -Kds 2 v . Suppose H ^ 1. Let U = {to 6 M : 
H(m) ^ 1}. Then U is clearly open in M. Since H ^ 1 on U, hn — h 22 and 
hi2 = on U. The second fundamental form II is then 

II = -/in (a; 1 ) 2 + 2/112W 1 ® u? + Ii 22 (uj 2 ) 2 

= hni-iu 1 ) 2 + (lo 2 ) 2 ) 

= HI on U. 

By comparing with the equation (JTJ, we see that the Hopf differential Q = 
on [/, i.e., y(?7) is totally umbilic. Note that H must be constant on U, since 
Q = R = 0. Let V 7 be a connected component of U. Since If is constant on V 
and if is continuous on M, H is constant on V. This implies that H ^ 1 on 
V" and so V" C J7. Since V is connected, so is V. However, V is a connected 



'The hyperbolic Gaufi map was introduced by C. Epstein (|7|) and was used by R. L. 
Bryant in his study of cmc 1 surfaces in hyperbolic 3-space H 3 (— 1) (|U). 
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component; thus, V = V. It then follows from the connectedness of M that 
M = V. Therefore, tp is totally umbilic on M. The converse is trivial. □ 



e 3 ] : M — > N) is the 
— » Hf (— 1) if (p preserves 



Remark 9. Note that [e + e 3 ] : M — > N ([e 
hyperbolic Gaufi map of a timelike surface <p : M 
(reverses) the orientation. 

Remark 10. If if satisfies ±1 and is totally umbilic, then the hyperbolic Gaufi 
map is constant, since dc 2 — 0. It is also shown in Section that if ip 
satisfies ±1 and is totally umbilic, then the (projected) hyperbolic Gaufi map 
is both Lorentz holomorphic and antiholomorphic; hence it is constant. By 
the equation (J2J), the Gaufiian curvature K = H 2 — 1 = 0. Thus, cp may be 
regarded as a horo sphere type surface in Hf (— 1). 

The null cone N satisfies the quadric equation 

-(x ) 2 - { Xl f + (x 2 ) 2 + (x 3 ) 2 

If xq ^ 0, then the above equation can be written 

2 / \ 2 / \ 2 



= 0. 



1, 



i.e., N can be locally identified with de Sitter 2-space Sf (1). With this identifi- 
cation, the hyperbolic Gaufi map can be mapped into de Sitter 2-space § 2 (1). 
Thus, we may be able to relate the hyperbolic Gaufi map of a timelike cmc 
±1 surface in (— 1) and the Gaufi map of corresponding timelike minimal 
surface in Ef. This relationship is discussed in the next section. 

Let (xq,x\,x-2,X3) 6 N. Denote by [xo,xi,X2,a;3] the null line generated 
by the null vector (xq, x±, x%, x$). By using nonhomogeneous coordinates, 



[x ,x 1 ,x 2 ,x a \ 



Xl 22 £3 
' X ' X ' X 
II 12 13 
Xo ' x ' Xo 
Xl 



XQ +x 3 XQ+ x 3 



provided xq =/= 

eS?(l) 

1 G E 2 via the projection p + 



[Xo,Xi,X 2 ,X 3 



Xl 



■r-2 



^X ~X 3 Xq - X 3 

Finally, we have the identification: 

X\ + x 2 -xi + Xl 



(64) 



[xo, 



Xi,X 2 ,X 3 \ 



G E 2 via the projection p_ 



x Q + x 3 x + x 3 



G El(u,v) 



(65) 



[x ,Xi,X 2 ,Xs\ 



Xl + x 2 



-Xl + x 2 



x - x 3 x - x 3 



G E 2 (m,w). 
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11. The Hyperbolic Gauss Map and the Secondary Gauss Map 



Let <p : M — ► Hf(— 1) be a timelike cmc -1 surface in Hf(— 1). Then by 
Theorem|Sl(or by TheoremEJ, there exists a smooth immersion F = (Fi, F2) : 
M — > SL 2 R x SL 2 M such that 

(1) Fi is Lorentz holomorphic and F2 is Lorentz antiholomorphic. 

(2) det(F 1 _1 dFi) = det^ -1 ^) = 

(or (2') det(Ff 1 dFi) = dct((dF 2 ~ 1 )F 2 ) = 0). 

(3) <p = F 1 F$ (or (3') <p = F X F^ X ). 



Let F x 



F\\ F12 

F13 F14 



and F2 



F 2 i F22 
F23 F24 



Then 



(e + e 3 )(F) = F 1 (l + k')F* 
Fn F12 

F13 F14 



= 2 
= 2 

By the identification l|(j5fl . 

[(eo + e 3 )(F)} 



)G 




p21 


^23 \ 







V-P22 


^24/ 



F11F21 -F11-F23 

-F\ 3-^21 -^13-^23 



Filial F\\F 2 3 
F13F21 F13F23 

F\\F23 F13F21 
F13F23 ' ^13^23 



Fn F21 
F13 ' F23 



e E?(u,w). 



Similarly, 



[(e -e 3 )(F)] = [F 1 (l-k)FZ] 



If (e ± e 3 )(F) = ± k )F 2 ~ 1 , then 





^22 ^ 




F24J 


, then 




~ (Fu 


F24 


~ U13' 


F22 


~ ^12 


F23 


~ U14' 


F21 
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Locally, 



(e + e 3 )(Fh) = F x h{\ + k K^fa" 1 )*)' 

.-1 T?t 



Pi ~qi\ A 0\ / p 2 q 2 \ (Fi\ F 23 
Ql P2 MO OJ I -gi pJ I ^22 ^24 



= 2Fx 

The last expression is simplified to the matrix 
2 

Thus, by the identification (|65|l 



(-FliPl + F 12 qi){F 2 ip 2 + F 22 q 2 ) (Fnpi + F 12 qij{F 23 p 2 + F 2i q 2 ) 
{Fizpx + F 14 q 1 )(F 21 p 2 + F 22 q 2 ) (F 13 pi + F li q 1 ){F 23 p 2 + F 2i q 2 ) 



[(e + e 3 )(Fh)] = [F!h(l + k JW 1 )*)'] 

^ / FnPi+- F 12 qx F 21 p 2 + F 22 q 2 
\F 13 p! + F 14 qx ' F 23 p 2 + F 24 q 2 



e El(u,v) 



Note that the hyperbolic Gaufi map [eo + 63] is orientation preserving while 
[eo — 63] is orientation reversing. So, 



[(e - e 3 )(Fh)} = - k X^/i" 1 )')' 



( FnP! - F 12 qx F 21 p 2 - F 22 q 2 \ 
\Fi 3 pi - Fi 4 qi ' F 23 p 2 - F 2i q 2 ) 



where h = ( . (See Remark 01 



92 -Pi 
P2 91 , 

Similarly, if (e ± e 3 )(-F/i) = Fih(l ± k')^^)- 1 , then 



\< 1 upn, ~ /-FllPl + ^12<7l ^24P2 ~ ^23<72 \ „, 2 / \ 

(e + e 3 )(F/i) — , G E((u, v), 

\-ri3Pi + ruqi t 22 p 2 -b 2 iq 2 ) 

1P1 ~ F\ 2 q\ F 24 p 2 + F 23 q 2 \ 2 , , 

(eo - e 3 )(Fh)} , — G E^u, v). 

\Fi 3 pi - F u qi F 22 p 2 + F 21 q 2 J 

Pi P2 

Let q := — and r :— — . The ordered pair (q,r) is called the secondary 
qi 92 

Gaufi map 8 . In terms of the secondary Gaufi map (q,r), locally in an open 



^As seen in section[S] this secondary Gaufi map coincides with the projected Gaufi map 
of a corresponding timelike minimal surface in . 
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SCt U C M, 



F 2 ~ 1 dF 2 
(dF 2 - 1 )F 2 



q -q" 
1 -q 

2 

r —r 
1 -r 

r 1 

„,2 



f(u)du = 
g{v)dv = 
g(v)dv 



-q 
-q 

2 

r — r 
1 -r 



V, 



Thus, we have the following equations: 



dF 1 



(dF n dF 12 
\dF 13 dF u 

(F n q + F 12 
\F 13 q + F u 



F\i F\2 

F13 F14 



-{F n q + F 12 q)\ 
<F 13 q + F u q) ) *>> 



dF 2 



dF 2 i dF 22 
dF 23 dF 2 4 

F 21 r + F 22 
F 23 r + F 2A 





F 22 \ 






) - (Z 


F 2 J 







-{F 21 r + F 22 )r 
-(F 23 r + F 2i )r 



and 



dF^ 1 



dF 2i -dF 22 \ _ ( r 1 

-dF 23 dF 21 J ~ {-r 2 -i 

F 2i r-F 23 ~(F 22 r-F 21 ) 

-{F 2 ir-F 23 )r (F 22 r - F 21 )r 



F 2 4 

—F 23 



F 2 \ 



i.e., dF 2 is also given by 



HF = f(F 22 r-F 21 )r F 22 r - F 21 \ 
2 \(F 2i r-F 23 )r F^r-F^J^ 



TIMELIKE cmc ±1 SURFACES IN ADS 3-SPACE H?(-l) 



31 



Hence, the hyperbolic GauB map can be written: 

[(e + e 3 )(Fh)] = + k')^^" 1 )*)*] 

^ ( Fug + Fu F 21 r + F 22 
~ \F 13 q + F u ' F 23 r + F 24 
dFu dF 21 



dF\ 3 ' dF 23 
fdF 12 dF 22 \ 2 

[(e + e 3 ){Fh)] = [F.hil + k')^)" 1 ] 

'Fng + Fi2 F 24 r - F 2: 



F\ 3 q + F14 F 22 r — F 2 \ 
_ (dFn dF 23 \ 
\dF 13 ' dF 21 J 
(dF 12 dF 24 \ 

and 

[(e - e 3 )(Fh)] = [FM1 - k')^^" 1 )*)*] 
^ / Fug - F 12 F 21 r - F 22 
\F 13 q- F 14 ' F 23 r - F 24 

= CLF21 
\dF 13 ' dF 23 
(dF l2 dF 22 \ 2 

[(e - e 3 )(F/i)] = - k')^)" 1 ] 

' Fug - F12 JW; + J23 

^13<7 — ^14 ' -^22^ + F 2 i 

dFn _dF 23 
dF 13 ' dF 21 



(dF 12 dF 2A \ 2 



12. The Generalized Gauss Map and the Hyperbolic Gauss Map 

Let G(2,F, 2 ) be the Grassmannian manifold of oriented timelike 2-planes 
in E 2 . Let ip : M — > Hf (-1) be an oriented timelike surface in Hf (— 1). At 
each point p £ M , there is a (timelike) tangent plane to the surface ip: 

<f*(T p M) = [lf x A (fy] p = [((fi x + Ify) A (-(fi x + (fy)] p 
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spanned by a timelike vector tp x and a spacelike vector ip v or equivalently, by 
two null vectors ip x + ip y and — ip x + f y . Define a map 



G : M 



G(2,Ei);p € M i — > [f x Af y ] p = [{ip x + ip y ) A (-<p x + ip y )] 



p- 



This map is called the generalized Gauss map of a timelike surface if : M — > 

H-K-i). 

Let u be a null vector, i.e., (u, u) = and [u] denote the null line generated 
by u. Let Qg := {[u] e RPf : (u, u) = 0}. Then there is an embedding 



r:G(2,£4) 



f x Q 2 ; [v A w] .— » ([v + w], [-v + w]), 



where v is a timelike vector and w is a spacelike vector. That is, G(2,E 2 ) = 
Imr C Ql x Q2_ T he Lie group SL 2 R x SL 2 M acts on G(2,Ef) transitively 
via the actions: 

H : (SL 2 M x SL 2 R) x G(2,E|) — ► G(2,E|); 

fj,(g, [v A w]) := [y(g,v) A /z(p,w)] = [(ffiv^) A (jiw^)] 

and 

: (SL 2 R x SL 2 M) x G(2,E|) — > G(2,E|); 

[w A w]) := [v(g,v) A u(g,w)} = [(.giv.g^ 1 ) A (ffiw^ 1 )] 

for g = (,9i,. g 2 ) G SL 2 R x SL 2 M and [v,w] G G(2,E|). Note that 



[vAw]) ([.9i(v + w).g*],[.9i(-v + w) ff *]) G 



so j 



u(g, [v A w] ) = ([ 3 i(v + w). 92 x ], [ ffl (-v + w). 92 *]) G Q§ x Q§. 
The isotropy subgroup of SL 2 R x SL 2 R with the actions it and v at 
[ei A e 2 ] = [(ei + e 2 ) A (-ei + e 2 )] 



1 


1 






1 



1 



is R+ x R + , where R + 



r 
i 



} 



: r e R \ {0} >. Thus, the Grassmannian 



manifold G(2,E 2 ) can be represented as a symmetric space 
SL 2 R x SL 2 R _ 



9i 



1 




9i 





1 



e Qo x Qo : 3i,52 e SL 2 l 
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or 



SL 2 R x SL 2 I 



9i 



x K + 

1 




3 2 



9i 





1 



92 



GQoxQo : .9i,52eSL 2 ML 



Denote by G(2,E 2 ) the Grassmannian manifold of negatively oriented time- 
like 2-planes in E|. Then 

SL 2 K x SL 2 K 



G(2,E*)- = 



9i 





1 



9i 



1 




G Qo x Qo : 3i,52 G SL 2 1 



or 



G(2,E!) 
9i 



SL 2 K x SL 2 1 





1 



92 



9i 



1 




92 



G Qo x Qg : gi,g 2 G SL 2 I 



Let us write gi = ( ^ n ^ 12 ) and g 2 = ( ^ 21 522 ) . Define a projection map 

^ V321 522/ ^ V-923 324 / F J 

0= (01,02) : G(2,E|) -^E 2 ( M ,i;) xE 2 (u, V ) 



by 



or 



3i 



1 




3i 



3i 



1 




92 



3i 





1 



1 



92 



(0i,02) I 9ii 921 

.313 ' 323 



(01,02) / 911 324 \ 

,313' 322/ 



Similarly, we also define a projection map 

4>~ = (0r,02~) = G(2,E|)" ^E 2 ( U ,«) x E 2 (u,«) 



by 



or 



3i 





1 



3i 



1 




h) ( 912 322 
, 314 ' 324 
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3i 



1 




92 



r.02 ) / 312 323 
V314' 321, 

Let ip : M — ► Hf(— 1) be a timelikc surface from an oriented and simply- 
connected open 2-manifold M into Hf(— 1) with ds 2 = e u (—dx 2 + dy 2 ) = 
e^dudv. Then there exists an adapted framing F : M — > SL 2 M x SL 2 M of <p 
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such that ei o F — e u tp x and e 2 o F — e u (fy. The generalized Gaufi map Q 
of ip can be written 

Q = [(ei o F) A (ea o F)] 

= [(ei+e 2 )(F) A(-ei+e 2 )(F)] 

'0 0^ 

1 o, 



Fi 



1 




F 



F 



M 



G(2,E*) 



Let C/i = 0i o £ and Q 2 = 2 ° Q- Then Q\ = 



Fu 
F 



Fi 



13 



t/2 = -^r~ • Note that the 
F23 



(-^1 1 -^1 2 1 1 
— — , — — ) is the same as the hyperbolic Gau8 map 
F13 F23 / 

[(eo + e 3 )(F)] = [Fi(l + k')F|]. 



If e = 



F 



1 




F 





1 



f; 



, then 



(^-f 1 ) =[Fi(l+k')F 2 - 1 ] = [(e 

\F 3 ^22/ 

Let us define C/ - : M — > G(2,Ef)- by 

5" = [(-ei + e 2 )(F) A [e x + e 2 )(F)] 



e 3 )(F)]- 



F 





1 



F 



1 




Let := ^ o £ , 
"0 



C? 2 := 4>2 S Then 

-P12 -P22 
F4 ' F24 



[F 1 (l-k)F 2 t ] = [(e -e 3 )(F)]. 



ug- 



F 



1 



Fo 



F15 



F 



1 




f; 



then 



Fo; 



Fl4 ' Fl 



= [F 1 (l-k')F 2 - 1 ] = [(e - e3 )(F)]. 



13. The Lorentz Holomorphicity of Hyperbolic Gauss Map and 
Timelike cmc ±1 Surfaces in Hf(— 1) 

In this section, we study the relationship between Lorentz holomorphicity 
of (projected) hyperbolic Gaufi map and timelike cmc ±1 surfaces in Hf(— 1). 
Their relationship is summarized as the following theorem. Here, we assume 



that <p := $i$ 2 



M 



Hf(-l) and V := ^l^ 1 : M — ► Hf(-l) are 



timelike surfaces in Hf(-l), where $ := ($i,$ 2 ) : M — > SL 2 R x SL 2 M and 
* := (*i,* 2 ) : M — ► SL 2 M x SL 2 R are solutions of Lax equations (HHJ 
and |@BJl, resp., in Theorem|U Let us regard [(e + e 3 )($)] = [$i(l + k')$|] 
([(eo + e 3 )(*)] = + k')*^ 1 ]) as the projected hyperbolic Gaufi map 
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§^£) e ( (§S'-£0 e ElMy Also ' regard [(eo " 

e 3 )($)] = [$i(l - k>|] ([(e - e 3 )(*)] = - k')^ 1 ]) as the projected 

hyperbolic Gaufi map ( |H e E 2 (U;W ) (f^,-^^ G E? («,«)). 

\3>14 4>24/ \*14 *2l/ 

Then we have the following theorem holds. 

Theorem 9. (1) [(eo + e 3 )($)] ([(eo + e 3 )( , J / )) is Lorentz antiholomorphic 
if and only if tp {jp) satisfies H = 1 and Q = 0. 

(2) [(eo + e 3 )($)] ([(eo + e 3 )(^E')) is Lorentz holomorphic if and only if ip 
{ip) satisfies H — 1 and R = 0. 

(3) [(eo — e 3 )(<I>)] ([(eo — e^){^)) is Lorentz antiholomorphic if and only 
if (p {ip) satisfies H = —1 and Q = 0. 

(4) [(eo — e 3 )($)] ([(eo — e^){^)) is Lorentz holomorphic if and only if ip 
{ip) satisfies H = —1 and R = 0. 



Proof. We prove only part (1). The rest can be proved similarly. Since 

= ( $11 $21 \ 

$13' $23 / ' 



[(e + e 3 )($)] = 



[(eo + e3)($)] is Lorentz antiholomorphic, i.e., [(e + e 3 )(<I>)] n = if and only 

if ($ll)„$13 - $ll($l 3 )u = and ($2l)«$23 ~ $2l($23)« = 0. 

On the other hand, from the Lax equations (|45ll . 
'($n)« ($12)^ _f$n ^12^ ( f ief(#+l) N 



($i 3 )« ($u)«y V*i3 $14/ v- e *Q — 

_ A$iiw u - $i 2 e^Q |$ u ef(i? 



i$i 3 w„ - $i 4 e^<3 ±$ 13 e%{H 




and 



($2l)« ($22)«A = /$21 $22 

($ 23 )« ($24) J I $23 $2 4 M-I ef ( H - !) 



4$2lW« - |$22e*(/f ~ 1) $2ie"^Q + 2$22W« 
|$23^« - |$24e^(-ff - 1) $23e"*(3 + |$ 24 w„ 



Thus, 



($ll)u$13 - $ll($13)u = e 5 Q, 
($2l)«$23 - $2l($23)« = 2 e *(" ff ~ X )' 

It then follows immediately that [(eo + e 3 )($)] is Lorentz antiholomorphic if 
and only if tp satisfies H — 1 and Q = 0. □ 

Corollary 10. (1) [(eo + e 3 )($)] ([(eo + e 3 )(\I>)) is constant if and only if 
ip {ip) satisfies H = 1 and is totally umbilic (Q — 0, i.e., Q = R = 0). 
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(2) [(eo — e3)(<&)] ([(eo — e3)(W)) is constant if and only if ip (ip) satisfies 
H = — 1 and is totally umbilic. 

14. Appendix I: The Lawson-Guichard Correspondence between 
Timelike cmc Surfaces in Different Semi-Riemannian Space 

Forms 

In section |S| we discussed the Lawson-Guichard correspondence or simply 
Lawson correspondence between timelike cmc surfaces in semi-Riemannian 
space forms Ef , Sf (1) and Hf(— 1). In fact, this Lawson correspondence was 
already known to A. Fujioka and J. Inoguchi (j^j and In this appendix, 
we study the Lawson correspondence in a more general setting. 

Let M be a semi-Riemannian manifold and M C M a hypersurface with 
the sectional curvatures K and K, resp. Let S be the shape operator derived 
from the unit normal vector field N on the hypersurface M. If X, Y span a 
nondegenerate tangent plane on M, then the Gaufi equation is given by 

rfifi s K(YV s r > ry v , , (S(X),X)(S(Y),Y) - (S(X), F) 2 

(66) K(X, Y) = K(X, Y) + e {X , X){Y , Y) _ {X ^ Y) 2 > 

where e = {N, N). (See B. O'Neill (20j on p. 107.) We begin with the following 
theorem which can be found, for example, in T. Weinstein [23 on p. 158. 

Theorem 11 (Fundamental Theorem of Surface Theory: Lorentzian Ver- 
sion). Given a simply- connected Lorentz surface with global null coordinate 
system, there exists a timelike immersion with the first and the second funda- 
mental forms I and II if and only if I and II satisfy the Gaufi and Mainardi- 
Codazzi equations. 

Let A4 3 (K) be the semi-Riemannian 3-manifold with constant sectional 
curvature K. For example, M 3 (-l) = H?(-l), M 3 (0) = E?,_and M 3 {1) = 
Sf (1). For a conformal timelike immersion ip : M — ► A4 3 (K) with induce 
metric (•, •), Levi-Civita connection V, Gaufiian curvature K and shape oper- 
ator S, the Gaufi and Mainardi-Codazzi 9 equations are satisfied: 

(67) K - K = det S (Gaufi Equation) 

(68) (V X S){Y) = (VyS)(X) (Mainardi-Codazzi Equation) 

for all smooth vector fields X,Y,Z<E T(M). 

Assume that <p has a constant mean curvature H = h tr(5). For any eel, 
define 

S = S + cI, K = K — ctr(S) - c 2 , 



9 Since M 3 (K) has a constant sectional curvature and M is a hypersurface immersed 
into M 3 (K), the Mainardi-Codazzi equation becomes 1681 . See B. O'Neill 1201 on p. 115 
for more details. 
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where X is the identity transformation. Then the Gaufi equation 1(67(1 and the 
Mainardi-Codazzi equation 108(1 still hold when S and K are replaced by S 
and K, resp.: 

K-K = K-{K- ctr(5) - (?) 
= K - K + ctr(S) + c 2 
= det(5) + ctr(5) + c 2 
= det(S + cJ) 
= det(S). 

Note that the GauBian curvature K of M is intrinsic and does not change. 

(y x S)(Y) = V X S(Y) - S(V X Y), 
(VyS)(X) = \7 Y S(X) - S(V Y X). 

Since (V X S)(Y) = (VyS)(X), 

S([X,Y}) =S(V X Y- V Y X) 

= S(V X Y)-S(\/ Y X) 
= V X S(Y)-V Y S(X). 

Now, 

§=S([X, Y]) + c[X,Y] 

= V X YS(Y) - V Y S(X) + c[X, Y] 
= V X (S + cl)(Y) -V Y {S + &)(X) 
= \7 X S(Y)-V Y S(X). 

Therefore, there exists an immersion !p : M — > Ai 3 (K) with induced met- 
ric (•, •) and shape operator S, and <j>(M) is isometric to tp(M). The mean 
curvature H of <p(M) is 

H = ^ tr(<S) = i tr(5) +c = H + c 

and this shows the Lawson-Guichard correspondence between timelike cmc H 
surfaces in Ai 3 (K) and timelike cmc (H + c) surfaces in A4 3 (K) = A4 3 (K — 
2cH — c 2 ). In particular, when H = K = and c = 1, we have the Lawson- 
Guichard correspondence between timelike minimal surfaces in and time- 
like cmc 1 surfaces in ET?(— 1). If H = and K = c = 1, then we have 
the Lawson-Guichard correspondence between timelike minimal surfaces in 
de Sitter 3-space Sf (1) and timelike cmc 1 surfaces in Ef. 
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15. Appendix II: Some Examples of timelike cmc ±1 surfaces in 

H?(-l) 

In this appendix, we present some examples of timelikc cmc 1 surfaces in 
H?(-l). 

Let us consider the following stereographic projections in order to view 
the isometric images of timelike cmc ±1 surfaces in Hf (— 1) into the interior 
IntSf(l) = {(xi,x 2 ,x 3 ) £ Ef : -(a;i) 2 + (a; 2 ) 2 + (a;3) 2 < ljofde Sitter 2-space 
§?(!)• 

Let p+ : Hf (— 1)\{ieo = —1} — > Ef \§f (1) be the stereographic projection 
from -e = (-1,0,0,0). Then 

(69) p + (x ,xi,x 2 ,x 3 ) ' 



1 + x 1 + x 1 + x 3 

Let p- : Hf (— 1) \ {xo = 1} — > Ef \ §f (1) be the stereographic projection 
from e = (1,0,0,0). Then 

/„ n s / f X! x 2 x 3 
(70) p-{Xo,X 1 ,X2,X 3 ) = , , 

V 1 - x l-x 1 - x 3 , 

Cut Hf (— 1) into two halves by the hyperplane xq = 0. Denote by Hf (— 1) + 
(H?(-l)_) the half containing e = (1,0,0,0) (-e = (-1,0,0,0)). Then 
p+ : Hf (-1)+ — ► IntSf (1) and p_ : Hf (-1)_ — > IntSf (1). 

Example 1 (Timelike Enneper Cousin in Hf(— 1) (Isothermic Type)). Let 
(q, r) — (u,v). Then using the Bryant-Umehara-Yamada type representation 
(I62L we set up the following initial value problem: 

F^dF l = ( U l -_ U *)du,F 2 -i d F 2 =(l -_ v2 )dv 



with the initial condition Fi(0) — F 2 (0) = 1. This initial value problem has 
a unique solution 



, . / cosh it sinh u — u cosh u\ 

1 I sinh u cosh u — u sinh uj 

p , , / cosh v sinh v — v cosh v\ 

2 I sinh v cosh v — v sinh v) 



which are Lorentz holomorphic and Lorentz antiholomorphic null immersions 
into SL2M. The Bryant type representation formula l|51|) then yields a time- 
like cmc 1 surface in Hf(— 1). The resulting surface is a correspondent of 
isothermic type 10 timelike Enneper surface in Ef under the Lawson-Guichard 
correspondence. For this reason, the resulting surface is called isothermic type 
timelike Enneper cousin in Hf (— 1). 



^For details about isothermic and anti-isothermic timelike surfaces, please see [5] or 

H31 . 
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Figure ^ shows different views of isothermic type timelike Enneper cousin 
in Hf (— 1) projected via p+ into the interior of the boundary §?(!). 




(a) 



(b) 




(c) 



(d) 



Figure 1. Isothermic type timelike Enneper cousin pro- 
jected into IntSf(l) via p+ with light cone and the boundary 
§?(!) inE? 




Figure 2. Isothermic type timelike Enneper surface in 
with light cone 
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Example 2 (Timelikc Enncpcr Cousin in Hf(— 1) (Anti-isothermic Type)). Let 
(q, r) — (—u,v). Then using the Bryant-Umehara-Yamada type representa- 
tion (|62[1 . we set up the following initial value problem: 

^i = (7 -f)du,F 2 -i d F 2 =(j -^dv 

with the initial condition -Fi(O) = F 2 (0) = 1. This initial value problem has 
a unique solution 

_ , , ( cos u — sin u + u cos 

t\{U,V) = . 

Vsmu cos w -fit sin u 



F 2 (u,v) 



( cosh v sinh v — v cosh w N 
I sinh v cosh v — v sinh v , 

which are Lorentz holomorphic and Lorentz antiholomorphic null immersions 
into SL2K. The Bryant type representation formula l|51|l then yields a timelike 
cmc 1 surface in Hf(— 1). The resulting surface is a correspondent of anti- 
isothermic type timelike Enneper surface in Ef under the Lawson-Guichard 
correspondence. For this reason, the resulting surface is called anti-isothermic 
type timelike Enneper cousin in H'J(— 1). 

Figure |3] shows different views of anti-isothermic type timelike Enneper 
cousin in Hf (— 1) projected via p + into the interior of the boundary Sf (1). 

Figures 0] and [5] show different views of anti-isothermic type timelike En- 
neper surface in Ef. 

Example 3 (cmc 1 B-scroll in Hf(-l)). Let (q,r) = (u,0). Then using the 
Bryant-Umehara-Yamada type representation (|62|l . we set up the following 
initial value problem: 

F^dF 1= (j -_ U *)du,F 2 -idF 2 =(j tydv 

with the initial condition i*i(0) = ^(0) = 1. This initial value problem has 
a unique solution 

_ , . / cosh u sinh u — u cosh u 
\ sinh u cosh u — u sinh u 



which are Lorentz holomorphic and Lorentz antiholomorphic null immersions 
into SL2IR. The Bryant type representation formula (|5 1|) yields a timelike cmc 
1 surface 

p pt ( cosh u — (u — v) cosh u — sinh u 
12 I sinh u — (u — v) sinh u + cosh u, 

in Hf (— 1). The resulting surface is a correspondent of minimal B-scroll in Ef 
under the Lawson-Guichard correspondence. 
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Figure El shows different views of cmc 1 B-scroll projected in Hf(— 1) via 
p+ into the interior of the boundary Sf (1). 

Figure [7| shows different views of minimal B-scroll in . 
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(c) 

Figure 4. Anti-isothermic type timelike Enneper surface in 
Ef with light cone 
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Figure 5. Anti-isothermic type timelike Enneper surface in 
E? with self-intersection 



of discussions with Dr. Jun-ichi Inoguchi who was also visiting Texas Tech 
University during that time. 
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FIGURE 6. cmc 1 B-scroll projected into IntS^(l) via p+ with 
light cone and the boundary §f (-0 i n ^i 
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